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Abstract
2K2-free graphs do not contain the complement of the chordless cycle on four vertices (2K2) as induced subgraph. A triangulation
H of a graph G is a chordal graph that is obtained by adding edges. If no proper subgraph of H is a triangulation of G, H is a
minimal triangulation of G. We will show that the split graphs are exactly the minimal triangulations of 2K2-free graphs. This result
implies a characterisation of the set of minimal triangulations of a single 2K2-free graph by special maximal independent sets. As
an application, we will give a linear-time algorithm for computing the treewidth of co-chordal graphs.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
The class of 2K2-free graphs is the set of graphs that do not contain the 2K2 as induced subgraph. Since chordal
graphs do not contain any chordless cycle of length at least 4 as induced subgraph, the complements of chordal graphs,
that we call co-chordal, are 2K2-free. Since the chordless cycle on ﬁve vertices is 2K2-free but not co-chordal, the
class of co-chordal graphs is properly contained in the class of 2K2-free graphs. Looking from the other side, the class
of P5-free graphs is a proper superclass of the class of 2K2-free graphs. So, 2K2-free graphs can be considered a
non-trivial restriction of P5-free graphs as well as extension of co-chordal graphs. By the way, a graph is P5-free if it
does not contain the chordless path on ﬁve vertices as induced subgraph. In this note, we will characterise the minimal
triangulations of 2K2-free graphs and obtain a linear-time algorithm for computing the treewidth of co-chordal graphs.
The treewidth of a graph is a graph parameter that turns out to be important in connection with the design of efﬁcient
algorithms. The notion of treewidth was introduced by Robertson and Seymour and deﬁned via tree-decompositions
[13]. An alternative deﬁnition is by clique numbers of triangulations. Given two graphs G and H , H is a triangulation
ofG ifH is deﬁned on the same vertex set asG and chordal and a supergraph ofG. In brief, a triangulation of a graph is
a chordal spanning supergraph of it. If H is a triangulation of G and no proper subgraph of H is a triangulation of G, H
is a minimal triangulation of G. Then, the treewidth of a graph G is the smallest clique number taken over the minimal
triangulations of G minus 1 [13]. This equivalence motivates the study of minimal triangulations. We will see that the
set of minimal triangulations of 2K2-free graphs can be characterised completely. This complete characterisation is
composed through two results: a graph is 2K2-free if and only if all its minimal triangulations are 2K2-free, and the set
of minimal triangulations of a single 2K2-free graph is exactly deﬁned by a set of special maximal independent sets.
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Especially the ﬁrst mentioned result adds the class of 2K2-free graphs to a list of graph classes for which analogous
characterisations exist. Among the most popular ones are the classes of cographs [1] and AT-free graphs [10,11]. But
also for P5-free graphs holds: a graph is P5-free if and only if all its minimal triangulations are P5-free [11]. Based
on the second characterisation of minimal triangulations of 2K2-free graphs, the characterisation of the set of minimal
triangulations of a single 2K2-free graph, we will construct a linear-time algorithm for computing the treewidth of
co-chordal graphs. The algorithm mainly relies on a strong relationship between the treewidth and the independence
number of a 2K2-free graph.
This note is composed as follows. In Section 2, we deﬁne basic graph notions and consider the class of 2K2-free
graphs. It will turn out that 2K2-free graphs can be characterised as the class of graphs whose line graphs have diameter
at most 2. In a certain sense, 2K2-free graphs share a property with bipartite graphs or cographs, graphs that can
be characterised by a graph parameter that is bounded by 2 (bipartite graphs are 2-colourable, and cographs have
cliquewidth 2). Section 3 is dedicated to the two characterisations of minimal triangulations of 2K2-free graphs. In
Section 4, the co-chordal graph linear-time treewidth algorithm is presented, and Section 5 contains some concluding
remarks and discusses further problems.
2. Preliminaries and the class of 2K2-free graphs
We will consider only simple ﬁnite undirected graphs G = (V ,E) and denote by n and m the numbers of vertices
and edges in G, respectively. Edges are denoted as uv, which means that vertices u and v are adjacent. Two edges uv
and u′v′ are adjacent if |{u, v}∩ {u′, v′}|=1. A vertex is isolated if it is not adjacent with any other vertex. For A ⊆ V ,
the subgraph of G induced by A, denoted as G[A], is the graph containing only the vertices of A, and two vertices of
G[A] are adjacent if and only if they are adjacent in G; we write G\A instead of G[V \A]. The neighbourhood of a
vertex u ∈ V , denoted as NG(u), is the set of vertices adjacent with u in G; NG[u]=defNG(u)∪ {u} denotes the closed
neighbourhood of u. By dG(u), we denote the number of neighbours of u, i.e., its degree. For deﬁnitions not given
here, we refer to [5]. Let H = (W, F ) be a graph. If V ⊆ W and E ⊆ F , G is a subgraph of H , denoted as G ⊆ H . If
one of these inclusion relations is proper, G is a proper subgraph of H , denoted as G ⊂ H .
Let G = (V ,E) be a graph, and let u, v be vertices of G. Let k0, and let x0, . . . , xk be vertices of G. We say that
the sequence P = (x0, . . . , xk) is a u, v-path of length k in G if x0 =u, xk =v, every vertex of G occurs at most once in
P and xixi+1 ∈ E for every i ∈ {0, . . . , k − 1}. A graph is connected if there is a path between every pair of vertices;
otherwise, it is called disconnected. A connected component of G is a maximal connected (induced) subgraph of G. A
clique in G is a set of pairwise adjacent vertices of G, whereas an independent set in G is a set of pairwise non-adjacent
vertices. By (G) and (G), we denote the clique number and the independence number of G, respectively, i.e., the
maximum number of vertices in a clique in G and the maximum number of vertices in an independent set in G.
The graph on four vertices that contains exactly two edges, that are non-adjacent, is called 2K2.
Deﬁnition 1. A graph is 2K2-free if and only if it does not contain the 2K2 as induced subgraph.
Using the matrix multiplication approach of Kloks, Kratsch, Müller, 2K2-free graphs can be recognized in time
O(n + m′) where ′=def 12 ( + 1), and O(n) is the time for multiplication of two binary n × n matrices [8]; the
currently best known exponent is = 2.376 [2].
Let G = (V ,E) be a graph, and let u, v be vertices of G. The distance of u and v, denoted as distG(u, v), is the
smallest length of a u, v-path in G. If there is no such path, the distance is ∞. The diameter of a graph G, denoted as
diam(G), is the maximum distance between two vertices of G; if there are two vertices at distance ∞, the diameter of
G is ∞. The line graph of G, denoted as L(G), contains a vertex for every edge of G, and two vertices of L(G) are
adjacent if they correspond to adjacent edges in G. The class of 2K2-free graphs can be characterised perfectly by the
diameter of line graphs.
Fact 1. Let G = (V ,E) be a graph. The following statements are equivalent:
(1) G is 2K2-free;
(2) for every set S ⊆ V , G\S contains at most one connected component with two vertices;
(3) diam(L(G))2.
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Proof. We show that statement (1) is equivalent with statements (2) and (3).
Let S ⊆ V , and let G\S contain two connected components with two vertices. Selecting a pair of adjacent vertices
in every connected component gives a 2K2 as induced subgraph of G. If there is S ⊂ V such that V \S induces a 2K2
in G, G\S contains two connected components with two vertices.
Let G be 2K2-free, and let e1, e2 ∈ E be two non-adjacent edges. There must be an edge e ∈ E that is adjacent with
e1 and e2, which gives a path of length 2 between e1 and e2 in L(G). Conversely, let {u, v, x, z} induce a 2K2 in G
where uv, xz ∈ E. Then, uv and xz share no neighbour in L(G), hence diam(L(G))> 2. 
A path (x1, . . . , xk) is a cycle of length k in G if x1xk ∈ E. A chord in a cycle C is an edge of G between two
non-consecutive vertices; a chord is unique in C if it is the only edge in G that is a chord in C. C is chordless if there
is no edge in G that is a chord in C.
Deﬁnition 2. A graph G is chordal if and only if it does not contain a chordless cycle of length at least 4. A co-chordal
graph is the complement of a chordal graph.
A graph G= (V ,E) is a split graph if and only if there is an independent set U ⊆ V in G such that V \U is a clique
in G. The partition 〈U,V \U〉 is called a split partition for G.
Fact 2. Co-chordal graphs are 2K2-free.
Proof. The fact immediately follows from the observation that chordal graphs do not contain chordless cycles of length
4, and a 2K2 in a graph implies the existence of a chordless cycle of length 4 in its complement. 
ByC4 andC5, we denote the chordless cycles on four and ﬁve vertices, respectively. By theway,C4 is the complement
of 2K2, and C5 is the complement of C5, i.e., C5 is its own complement. A graph is {2K2, C4, C5}-free if it does not
contain 2K2 or C4 or C5 as induced subgraph.
Theorem 3 (Földes and Hammer [4]). The following statements are equivalent for a graph G:
(1) G is a split graph;
(2) G is chordal and co-chordal;
(3) G is {2K2, C4, C5}-free.
3. Characterisations of minimal triangulations of 2K2-free graphs
Minimal triangulations are minimal embeddings into chordal graphs. Precisely, a graph H is a triangulation of a
graph G if H is deﬁned on the same vertex set as G, chordal and emerges from G by adding edges. In other words, a
triangulation of G is a spanning chordal supergraph of G. If no proper subgraph of H is a triangulation of G, we call H
a minimal triangulation of G. A famous characterisation of minimal triangulations was given by Rose, Tarjan, Lueker.
For G = (V ,E) a graph and F a set of edges suitable for G, G ∪ F denotes the graph (V ,E ∪ F), that is obtained
from G by adding the edges in F .
Theorem 4 (Rose et al. [14]). Let G = (V ,E) be a graph, and let H = G ∪ F be a chordal graph where E ∩ F = ∅.
Then, the following statements are equivalent:
(1) H is a minimal triangulation of G;
(2) for every e ∈ F , e is unique chord in a cycle of length 4 in H .
We will give two characterisations of minimal triangulations of 2K2-free graphs. The ﬁrst one describes the set of
minimal triangulations of all 2K2-free graphs, the second one describes the set of minimal triangulations of a single
2K2-free graph. For only a few graph classes, the sets of minimal triangulations have been characterised completely.
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Famous such results are known for cographs, cocomparability graphs or AT-free graphs. For some of these graph
classes, the results can be extended even to characterisations of the graph classes themselves:
(1) a graph is a cograph if and only if all its minimal triangulations are trivially perfect, i.e., chordal cographs [1];
(2) a graph is AT-free if and only if all its minimal triangulations are interval graphs, i.e., chordal AT-free graphs
[10,11].
Further such characterisation results were given by Parra and Schefﬂer [11]. In case of 2K2-free graphs such an
extension is also possible. For G= (V ,E) a graph and F a set of edges of G, G\F denotes the graph (V ,E\F), that is
obtained from G by deleting the edges in F . For a vertex x of G, G− x denotes the subgraph of G induced by V \{x}.
Lemma 5. Let G = (V ,E) be a graph, and let H be a minimal triangulation of G. Let u be a vertex of G. If NG(u)
is a clique in H , then NG(u) = NH(u).
Proof. By deﬁnition of triangulations, NG(u) ⊆ NH(u). Let NG(u) be a clique in H , and assume that F=def{uv : v ∈
NH(u)\NG(u)} is non-empty. Consider H ′=defH\F . Certainly, G ⊆ H ′ ⊂ H . Assume that H ′ is not a tree. Let C be
a chordless cycle of maximum length k in H ′. If C does not contain u, then C is a chordless cycle in H ′ − u=H − u,
thus in H , and k3 by chordality of H . Let C contain u. Then, C also contains two neighbours of u, and since the
neighbourhood of u in H ′is a clique, they are adjacent. Hence, k3, and H ′ is chordal, so that H cannot be a minimal
triangulation of G. 
Theorem 6. A graph is 2K2-free if and only if all its minimal triangulations are 2K2-free.
Proof. Let G = (V ,E) be a graph, and let U ⊆ V induce a 2K2 in G. Let H ′=defG ∪ F where F=def{uv /∈E :
{u, v}U}. Note that H ′ is a triangulation of G, and U induces a 2K2 in H ′. In every graph G′ where G ⊆ G′ ⊆ H ′,
U induces a 2K2. Hence, there is a minimal triangulation H ⊆ H ′ of G that is not 2K2-free.
For the converse, let G= (V ,E) be a graph, and let H =G∪F , E∩F =∅, be a minimal triangulation of G. We will
show that, if H is not 2K2-free, then G is not 2K2-free. Let {u, v, x, z} ⊆ V induce a 2K2 in H where uv, xz ∈ E(H).
We distinguish three cases. If uv, xz ∈ E, {u, v, x, z} induces a 2K2 in G, and the proof is ﬁnished. Let uv ∈ F and
xz ∈ E. If there is a neighbour w of u in G that is adjacent with neither x nor z in G, {u,w, x, z} induces a 2K2 in
G. Otherwise, i.e., every neighbour of u in G is neighbour of x or z in G, NG(u) is a clique in H (two non-adjacent
neighbours of u in H would be contained in a chordless cycle with u and x or z). Since u is not isolated in G, u has
a neighbour in G. Due to Lemma 5, however, u cannot be adjacent with v in H , so that this situation is not possible.
Finally, let uv, xz ∈ F , i.e., {u, v, x, z} is an independent set in G. Note that not every neighbour of u in G is a
neighbour of x or z in H , since otherwise, NG(u) would be a clique in H , and u could not be adjacent with v in H due
to Lemma 5; let w ∈ NG(u) such that wx,wz /∈E(H). Then, {u,w, x, z} induces a 2K2 in H with an edge already in
G, and we can apply the second case. 
Corollary 7. A graph is 2K2-free if and only if all its minimal triangulations are split graphs.
Proof. The statement follows from Theorems 6 and 3. 
The second characterisation, a characterisation of the set of minimal triangulations of a single 2K2-free graph, is
based on a characterisation by special maximal independent sets of a 2K2-free graph and heavily relies on Theorem 6.
Let G = (V ,E) be a graph. If G contains exactly one edge, we call it nearly blank. We deﬁne a setUG of maximal
independent sets of G in the following way. For every U ⊆ V , U ∈ UG if and only if U satisﬁes the three conditions
(U1)–(U3):
(U1) U is a maximal independent set in G;
(U2) {a ∈ V : dG(a)1} ⊆ U ;
(U3) if there is a vertex b ∈ V \U satisfying |NG(b) ∩ U | = 1 and V \UNG[b] then there is no vertex a ∈ U such
that NG(a) = V \U .
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We observe that no independent set of a nearly blank graph can satisfy conditions (U1) and (U2) simultaneously. Since
our second characterisation of minimal triangulations of 2K2-free graphs is based on the independent sets inUG, this
may pose problems. However, nearly blank graphs are easily identiﬁable, and since they are chordal we simply exclude
them from the following considerations. Hence, the graphs to be regarded subsequently do not contain adjacent vertices
of degree 1. Furthermore, it is clear that vertex a in condition (U3) is just the only neighbour of b in U .
Lemma 8. Let G = (V ,E) be a 2K2-free graph that is not nearly blank, and let U ∈ UG. Then, HU=defG ∪ FU
where FU=def{uv /∈E : u, v ∈ V \U} is a minimal triangulation of G.
Proof. Of course, HU is a split graph: 〈U,V \U〉 is a split partition for HU . Thus, HU is chordal and a triangulation
of G. Due to Theorem 4, we show that every edge in FU is unique chord in a cycle of length 4 in HU . Let uv ∈ FU .
Due to the maximality of U , u and v have a neighbour in U . If u and v each have a neighbour in U neither of which is
a common neighbour of u and v, then uv ∈ E (otherwise, u and v would be vertices in a 2K2). Since uv /∈E, we can
assume that NG(u)∩U ⊆ NG(v)∩U . If u has two neighbours x, z ∈ U then they are also neighbours of v, and uv is
unique chord inthe cycle (x, u, z, v). Since v ∈ V \U and u and v are non-adjacent in G, it holds that V \UNG[u].
If u has exactly one neighbour x in U , i.e., NG(u)∩U = {x}, then, by condition (U3), there is a vertex w ∈ V \U such
that x and w are non-adjacent. Since every neighbour of u in U is also a neighbour of v, v is a neighbour of x, and w
is not equal to v. Hence, uv is unique chord in the cycle (u, x, v,w) in HU . 
The following lemma strongly depends on Theorem 6. In fact, we assume that a minimal triangulation of a 2K2-free
graph has a split partition.
Lemma 9. Let G = (V ,E) be a 2K2-free graph that is not nearly blank. Let H = G ∪ F , E ∩ F = ∅, be a minimal
triangulation of G. Let 〈U,V \U〉 be a split partition for G where U is maximally independent in H . Then, U ∈ UG.
Proof. Due to Theorem 6, the assumed split partition for H exists. Of course, NH(u)=NG(u) for every vertex u ∈ U ,
so that U is a maximal independent set also in G. An isolated vertex of G must be an isolated vertex of H . A vertex of
degree 1 in G has degree 1 in H . Hence, all vertices of degree at most 1 must be contained in U . Otherwise, the clique
V \U contains a vertex of degree 1, which is not possible for a 2K2-free graph that is not nearly blank. So, U fulﬁlls
conditions (U1) and (U2). Finally, assume there are u, v ∈ V \U such that u has exactly one neighbour in U and u and
v are non-adjacent in G. Then, uv ∈ F , and uv is unique chord in a cycle of length 4 due to Theorem 4. There are
two non-adjacent common neighbours of u and v in H , and one of them is not contained in V \U . Hence, U fulﬁlls
condition (U3), thus U ∈ UG. 
Theorem 10. Let G= (V ,E) be a 2K2-free graph that is not nearly blank, and let H be a graph on vertex set V. Then,
H is a minimal triangulation of G if and only if there is U ∈ UG such that H = HU .
Proof. The statement follows directly from Lemmata 8 and 9. 
Corollary 11. Let G = (V ,E) be a graph that is not nearly blank. G is 2K2-free if and only if for every minimal
triangulation H of G there is U ∈ UG such that H = HU .
Proof. If G is 2K2-free, the statement holds due to Theorem 10. If G is not 2K2-free, there is a minimal triangulation
H of G that contains a 2K2 due to Theorem 6. Since HU is a split graph for every U ∈ UG, i.e., HU is 2K2-free for
every U ∈ UG, H = HU for every U ∈ UG. 
4. Computing the treewidth
The treewidth tw(G) of a graph G is the smallest clique number minus 1 among the minimal triangulations
of G, i.e.,
tw(G) = min{(H) : H minimal triangulation of G} − 1.
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Fig. 1. The depicted graph is 3K2-free. Note that a minimal triangulation is obtained by adding edge uv. The resulting graph contains a 3K2.
We will show that, in case of 2K2-free graphs, computing the treewidth is at most as hard as computing the in-
dependence number. It would be interesting to know whether this relation holds vice versa, from which would
follow that computing the treewidth of a 2K2-free graph is as hard as computing the independence number of a
2K2-free graph.
Lemma 12. Let f be a 2-ary function. If the independence number of a 2K2-free graph on n vertices and with
m edges can be computed in time O(f (n,m)) then the treewidth of a 2K2-free graph can be computed in time
O(f (n,m) + n + m).
Proof. Let G = (V ,E) be a 2K2-free graph. Observe that (HU) is smallest possible taken over all U ∈ UG if
U is of maximum size and, if possible, does not contain a vertex that is neighbour of every vertex in V \U . Let
U ⊆ V be an independent set in G of maximum size. If there is a vertex x of G of degree 1 that is not contained
in U , then (U\NG(x)) ∪ {x} is also an independent set of maximum size. Hence, we can assume that U fulﬁlls
conditions (U1) and (U2). By a similar argument, we can conclude that G has an independent set of maximum size
that is contained in UG. It follows by the deﬁnition of treewidth, Theorem 10 and considerations similar to the ones
above that n− (G) tw(G)+ 1n− (G)+ 1. To determine the correct case, it sufﬁces to know whether there is an
independent set of maximum size containing no vertex of degree n − (G). Let W=def{u ∈ V : dG(u)n − (G)}.
Consider G′=defG\W . Note that every independent set in G′is an independent set in G, and every independent set in
G without vertex of degree at least n−(G) is an independent set in G′. Hence, there is an independent set in G of size
(G) that does not contain a vertex from W if and only if (G′) = (G). The time bound for computing the treewidth
follows. 
Theorem 13 (Hoàng [6]). The independence number of a co-chordal graph can be determined in linear time.
Corollary 14. The treewidth of co-chordal graphs can be determined in linear time.
Proof. The statement directly follows from Fact 2, Lemma 12 and Theorem 13. 
5. Final remarks
We have seen that the class of 2K2-free graphs can be characterised completely by the set of their minimal tri-
angulations. A natural question is whether such a characterisation can be extended to rK2-free graphs for r3. A
counterexample shows that this is not possible. Consider the graph depicted in Fig. 1; let it be called G. Note that G is
3K2-free. When we add edge uv, which deﬁnes graph H , we obtain a minimal triangulation of G. But then, H contains
a 3K2 using just edge uv.
Furthermore, we have given an easy linear-time algorithm for computing the treewidth of co-chordal graphs. The
major subroutine is a linear-time algorithm for computing the independence number of a co-chordal graph. The same
algorithm can be applied to the whole class of 2K2-free graphs but is not linear-time anymore. This is due to the fact
that there is no efﬁcient (linear-time) algorithm known that computes the independence number of 2K2-free graphs.
Farber and Prisner showed that 2K2-free graphs with m edges have at most m + 1 maximal independent sets [3,12].
A thorough analysis of their proofs gives an O(n + m2)-time algorithm that lists all maximal independent sets of a
2K2-free graph (see also [9] for a detailed description). Hence, using Theorem 10, treewidth and minimum ﬁll-in,
which is the least number of edges that have to be added to a graph to make it chordal, for 2K2-free graphs can be
computed in polynomial time, precisely in time O(n + m2). For completeness, we only remark that the BANDWIDTH
problem is NP-complete on split graphs, hence on 2K2-free graphs [7].
D. Meister /Discrete Mathematics 306 (2006) 3327–3333 3333
Acknowledgement
I thank Dieter Kratsch for drawing my attention to this interesting graph class.
References
[1] H.L. Bodlaender, R.H. Möhring, The pathwidth and treewidth of cographs, SIAM J. Discrete Math. 6 (1993) 181–188.
[2] D. Coppersmith, Sh. Winograd, Matrix multiplication via arithmetic progressions, J. Symbolic Comput. 9 (1990) 251–280.
[3] M. Farber, On diameters and radii of bridged graphs, Discrete Math. 73 (1989) 249–260.
[4] St. Földes, P.L. Hammer, Split graphs, 8th South-Eastern Conference on Combinatorics, Graph Theory and Computing, Louisiana State
University, Baton Rouge, Louisiana, Congr. Numer. 19 (1977) 311–315.
[5] M.Ch. Golumbic, Algorithmic Graph Theory and Perfect Graphs, Academic Press, New York, 1980.
[6] C.T.Hoàng,Recognition and optimization algorithms for co-triangulated graphs,ReportNo. 90637, Forschungsinstitut fürDiskreteMathematik,
Bonn, 1990.
[7] T. Kloks, D. Kratsch, Y. Le Borgne, H. Müller, Bandwidth of split and circular permutation graphs, Proceedings of the 26th International
Workshop on Graph-Theoretic Concepts in Computer Science, WG 2000, Lecture Notes in Computer Science 1928, Springer, Berlin, 2000,
pp. 243–254.
[8] T. Kloks, D. Kratsch, H. Müller, Finding and counting small induced subgraphs efﬁciently, Inform. Process. Lett. 74 (2000) 115–121.
[9] D. Meister, A complete characterisation of minimal triangulations of co-square-free graphs, Technical Report 328, Institut für Informatik,
Bayerische Julius-Maximilians-Universität Würzburg, 2004.
[10] R.H. Möhring, Triangulating graphs without asteroidal triples, Discrete Appl. Math. 64 (1996) 281–287.
[11] A. Parra, P. Schefﬂer, Characterizations and algorithmic applications of chordal graph embeddings, Discrete Appl. Math. 79 (1997) 171–188.
[12] E. Prisner, Graphs with Few Cliques, in: Graph Theory, Combinatorics, and Applications, Proceedings of the Seventh Quadrennial International
Conference on the Theory and Applications of Graphs, Wiley, New York, 1995, pp. 945–956.
[13] N. Robertson, P.D. Seymour, Graph Minors. II. Algorithmic aspects of tree-width, J. Algorithms 7 (1986) 309–322.
[14] D.J. Rose, R.E. Tarjan, G.S. Lueker, Algorithmic aspects of vertex elimination on graphs, SIAM J. Comput. 5 (1976) 266–283.
